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Abstract

Motions in a forced channel flow of two contiguous homogenefhuisls of different constant densities and different
thicknesses are considered. The total depth is finite and the upper surface is constrained to be planar (rigid lid approximation).
The forcing is due to a bottom obstruction. The existence of a critical thickness ratio, obtained when the square of the thickness
ratio is equal to the density ratio, leads to major differences with the one-layer case. The present study concentrates on this
critical case. Moreover it is restricted to hydraulic falls, which steady flows over an obstacl®piding a transition between
a subcritical and a supercritical flow. A weakly nonlinear analys performed. At leading order the problem reduces to a
forced modified Korteweg—de Vries equation which can be integrated exactly. The weakly nonlinear results are validated by
comparison with a numerical integration of the full governing equations. The numerical method is based on boundary integral
equation techniques. The differences with the one-layer case are the existence of a second family of subcritical hydraulic falls
when the thickness ratio is below critical, and the existence of supercritical hydraulic falls described by four parameters instead
of three for all thickness ratios.
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1. Introduction

This paper deals with motion forced by obstacles in the flow of two contiguous homogeneous fluids of different constant
densities and different thicknesses. Thalalepth is finite and the upper surface is d¢eaised to be planar (rigid lid approxi-
mation). This is an excellent approximation in most oceanic situations (see for example [1]). A two-layer configuration allows a
wider variety of possible flow situations than a one-layer configuration. A review of the one-layer case (one fluid layer bounded
below by a rigid bottom and above by a free surface) can be found in [2]. The complexity of the two-layer configuration is due
to the existence of a critical thickness ratio, obtained when the square of the thickness ratio is equal to the density ratio. As far
as we know, no physical interpretation of this critical thickned® has been given yet although it has been known for over fifty
years. The present paper is a continuation of the companiar f2jpin which only the non-critical case, i.e. the case when the
ratio of layer depths is far from critical, was considered. This companion paper will be referred to as DVB below. A summary of
the results obtained in DVB is shown in Fig. 1. A hydraulic fall solution is characterized by different uniform flows upstream and
downstream of the forcing. Fig. 1(a) shows that for a given obstruction, a given density ratio, and a ratio of layer depths above
critical, there are two important values of the Froude nuniyem subcritical one-sypand a supercritical onEsypes such that:
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Fig. 1. Description of steady two-layer flows over an obstacle (from (8])Ratio of layer depths above critical. (b) Ratio of layer depths below
critical. The positive (resp. negative) horizontal axis corresponds toaitfmal (resp. subcritical) flows. The vertical axis is the obstaide.s

(i) whenF < Fgyp, there is a unique downstream periodic wave matched with the upstream (subcritical) uniform flow;

(i) when F = Fgp, the period of the periodic wave extends to infinity and the solution becomes a hydraulic fall (conjugate
flow solution) — the flow is subcritical upstream and supercritical downstream;

(iii) when F > Fsypes there are two symmetric solitary waves sustained over the site of forcing, ane=aftisyperthe two
solitary waves merge into one;

(iv) when F > Fsypes there is also a one-parameter family of solutions matching the upstream (supercritical) uniform flow
with a periodic wave downstream;

(v) for a particular value of" > Fsypes the downstream wave can be eliminated and the solution becomes a reversed hydraulic
fall.

When the ratio of layer depths is below critical, Fig. 1(b) shows that the results are the same for subcritical flows. However,
when the flow is supercritical, there is always an additional solitary wave solution, regardless of the size of the obstruction (this
solution covers the whole ‘supercritical’ quarter plane).

In the present paper, we show that the consequences of the existence of a critical depth ratio are rather spectacular for
solutions in the form of hydraulic falls. This is the reason why the emphasis of the paper is hydraulic falls. For the occurrence
of hydraulic falls in nature, see for example [4].

An extensive literature review is available in [3]. Here wecall the main results. Sha and Vanden-Broeck [5] solved
numerically an integrodifferential equation to compute two-layer flows past a semicircular obstruction, but their computations
were restricted to symmetrisolitary waves. Forbes [6] computed twgda hydraulic falls vith free-suface boundary
conditions. In other words the top boundary is free. Belward and Forbes [7] computed two-layer flows over an arbitrary
topography. Following [5,6], we choose the obstacle to be a semi-circular cylinder. As in [5], we only consider rigid tops.
In other words the top boundary is a solid wall. Dias and Vanden-Broeck [8] computed two-layer fronts in the absence of
obstacle and with a rigid top. Numerical computations of steady and unsteady internal waves can also be found in [9-11].

There are also results on model equations. Shen [12] derived forced Korteweg—de Vries equations for long nonlinear waves
in two-layer flows with a free surface and compared his results with those of Forbes [6]. Capillary effects were included in
[13,14]. Grimshaw, Chan and Chow [15] worked on a forced extended (or modified) Korteweg—de Vries equation. By extended,
we mean a KdV equation with both a quadratic term andilsiccterm in the nonlinearity. Hanazaki [16] compared time-
dependent numerical results on model equations with resultsednltfequations. An interesting consequence of the vanishing
of the quadratic term can be found in [17]. Johnson and Clarke worked on weakly nonlinear models for forced Rossby waves
[18,19] and on supercritical leaps in two-layer hydraulics [20].
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Fig. 2. Sketch of the flow. A uniform flow of velocityy/ in each layer approaches from left to right a semi-circular obstruction of ra#lidEhe
flow shown in the figure is a computed subcritical hydraulic fall, with parametet®.2514,8 = 0.5, p = 0.6. The Froude numbef, which
is an unknown, is found to be to 0.304.

Various experimental results can be found in [21-26]. Pratt's experiments [22] deal with one-layer flows but they involve
two obstacles. Pratt found some steady hydraulic falls with a regular train of waves between the obstacles, the flow being
uniform and subcritical upstream of the first obstacle and uniform and supercritical downstream of the second obstacle. The
focus of Melville and Hdtich’s experiments [23] was thensteady transcritical regime tfo-layer flows over topography.

They found a good agreement between their experiments and numerical solutions to a forced extended KdV equation for some
range of parameters. Later, Grue et al. [9] found a very good agreement between the experiments and numerical solutions to the
fully nonlinear equations for the full range of parameters. Arntsen [24,25] performed experiments on a submerged horizontal
circular cylinder moving in a three-layer fluid. Measurements were made of the interfacial waves formed behind the cylinder
towed horizontally at constant speeds, and of the drag and lift forces exerted on the cylinder. The closest experiments to the
flows studied in the present paper are those of Lawrence [26]. Lawrence studied theoretically and experimentally steady two-
layer flows over a fixed two-dimensional obstacle. He presented a classification scheme to predict the regime of flow given
the obstacle size, the total depth of flow, and the density and flow rate of each layer. He found some differences between this
classification scheme and that derived for flow over a towed obstacle by Baines [21]. These differences are due to the motion of
upstream disturbances in towed obstacle flows. Lawrence observed various hydraulic falls and wavy solutions. He showed that
internal hydraulic theory is not sufficient to explain the experimental results. Unfortunately, none of his experiments are near
the critical case under study in the present paper.

The velocities of the uniform flows far upstream are assumed to be the same and are deridtdthéyhicknesses of the
uniform flow far upstream are denoted by (bottom layer) and:3 (upper layer). All along, qudities related to the upper
layer of fluid will have the subscript 2, while those related to the bottom layer will be indexed with 1 (see Fig. 2). The upstream
Froude numbef is defined by

U

F =

v @
ghl

&‘

whereg is the acceleration due to gravity.

Section 2 provides the formulation of the problem. Our strategy is to find all solutions by weakly nonlinear analysis and to
validate (or invalidate) them with numerical solutions of the full governing equations. In Section 3, a weakly nonlinear model is
introduced. Itis valid for subcritical as well as supercritical flows, close to the critical thickness ratio. In Section 4, the numerical
scheme used to solve the full governing equations and boundaritioosds briefly described. Five regimes are considered and
presented in Sections 5-9. Each regime isatt@rized by two properties: (i) subcdil or supercritical flow, and (i) thickness
ratio below, equal or above critical. The supercritical regime with critical thickness ratio is not described because hydraulic falls
are not possible. Section 10 offers a discussion. The Appendix provides some exact properties of hydraulic falls.

2. Formulation

The steady irrotational flow of two contiguoirecompressible inviscid fldis of different densitiesral different thicknesses
past a submerged obstruction is considered (see Fig. 2)xT4ais is chosen to be along the bottom of the channel. The
y*-axis is chosen to go through the middle of the obstruction, which is assumed to be a semi-circle of*radihes flow is
assumed to be uniform far upstream, with the same veldtity both layers. The densities are denotedoffy(bottom layer)
andp3 (top layer). The dimensionless circle radiusthe ratio of layer thicknesseisand the density ratip are introduced:

r¥* _ h; _ ,0_5

o=, B=-%. p=—%.
h3 h3 P1

@)
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The velocity potentialg* satisfy Laplace’s equation in the interior of each layer:

Agf=0, i=12 (©)
Along the interface described by = 27 + n* (x*) there are two kinematic conditions

ApF dn*  0¢F

i dn” 9 _ o 10 )

ox* dx*  gy*

Using Bernoulli’'s equation in each fluid antineinating the pressure at the inface, one can write the dynamic condition in
the form

1 1 1
§|V¢I|2 - §p|V¢§|2+ (1= pgn* =51~ p)UZ. (5)

The conditions of no flow normal to theper and bottom walls may be written

T2 0 ay=hj+hp and SACU =T eyt oa) ®)
where
%2 x2\1/2 K|
h*(x*): (r X ) (|)C [<r ), @)

0 (|x*| > r*).
Let us briefly consider the linearization of the problem (3)—(6) in the absence of obstrgctien0). Given waves of the

form

I=UXHel  G5=UN el
the linearization results in the dispersion relation for infinitesimal waves of wavenurtilieia two-fluid configuration with a
rigid lid:

K*U? tanhk* 5+ k*U2p tanhk* 1 =81 — p)tanhk™h] tanhk™ 3. (8)
If the velocities of the uniform flows upstream were different in each layer{gagndU,), the dispersion relation would read

k*Ul2 tanhk*h% + k*U22,0 tanhk*h] = g(1— p) tanhk™h] tanhk*h3.
In dimensionless form, the dispersion relation (8) becomes

sz(tanhkﬁ + ptanhk) = (1 — p) tanhk tanhkg, 9)

wherek = k*h] is the dimensionless wavenumber. Real values foan be found only if the Froude numbegris smaller than
Fyjf, defined as

1—
Fiit = | H- (10)

The flow is then called subcritical. Otherwise it is supercritical.

In this paper, we look for stationary flows. The weakly nonlinear analysis as well as the numerical analysis deal with
subcritical and supercritical flows. The focus is solutions in the form of hydraulic falls. For most solutions, the problem involves
a set of three parameters, which can be chosefFag, 8) or («, p, 8). But in some cases, four parameters are needed to
describe solutions. Some exact properties of hydraulic falls are summarized in the Appendix.

3. Weakly nonlinear analysis

One of the main difficulties in computing free-surface flows is to find the number of independent parameters. For that
purpose, a weakly nonlinear analysis can be useful.

As shown in DVB, a classical perturbation expansion for long wakes Q) applied to the problem (3)—(6) leads to the so-
called forced Korteweg—de Vries (fKdV) equation. Since the present paper deals with stationary solutions, only the stationary
fKdV equation is considered. Takiﬂq as unit length and introducing

* * h*

T h=1%
hi
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the fKdV equation takes the form

1 3
ébrlxxx + Eﬂ”lrlx — (F = Fpit)nx = — fhx, (11)
where
BZ—p 1+ Bp 1/ B
a=————Fpit, b=4p Foit.  f=5| 57— ) Fbif- (12)
BB+ p) B+op 2\B+p
The perturbation expansion depends on a small parametére scaling
Ve Yal, FoF h— 2 flalh (13)
X —> J€E—, — —laln, — Fpif =€u, —- = fla
7 n— Zlaln bif = €1 2
transforms (11) into
1 3
érlxxx + Erlnx — punx = —hy, (14)

where the plus sign is chosenff> ,/p and the minus sign is chosenff< ,/p. The parameter introduced in (13) is a
bifurcation parameter. It measures thedate number relative tdé critical Froude numbeFyjs. Integrating Eq. (14) once
leads to

9
e £ 51° — B = ~305(x). (15)
under the conition that the flow is uniform far upstream, and tlik) can be approximated by the Dirac delta function:
h(x) = Q8(x).

This makes sense for obstructions whose height is comparable with the length of the obstruction base. It was shown in [2] that
the scaling forQ is given by

0~ %4,

As explained in DVB, ifin*/ k| > (B — \/p), that is near the critical ratio of layer depths= ,/p, the fKdV equation is no

longer valid. The coefficient of the quadratic termn, is small and the cubic termen, must be computed. The previous long
wave analysis was based on the scaling €2. The new scaling is = €3 (see for example [13]). The modified KdV equation
takes the form

1 3 3
ébnxxx + 5anix = chznx — (F — Fypif)nx = — fhx, (16)
where
28— /P 4 1
a=—"Y" R b=0A-Jo+p)Fpit, ¢=— Fpi, =——
NN bif (11— /o + p) Fuit NG bif.  f 20+ Jp)

The new scaling

Fhit-

X 1 a 2 1
—, —en, —=c¢€e, F— Fyjf= , h—> —flalh 17
X n— —ven b bit = €“. h— = flal a7
transforms (16) into
1 3 3
énxxx + Eennx - annx — unx = —hy. (18)

The parameter introduced in (17) is again a bifcation parameter. It measures the&de number relate to the critical

Froude numbeFps. The parameter introduced in (17) measures how far one is from the critical ratio of layer dgjpthg/p.

In the absence of forcing, the forced modified Korteweg—de Vries (fmKdV) equation (18) reduces to the modified Korteweg—de
Vries equation (mKdV). Integrating (18) once leads to

9 3
Nex + Eenz - Ens — 6un = —-308(x), (19)

under the conition that the flow is uniform far upstream, and thdf) can be approximated by the Dirac delta function:

h(x) = Q8(x).
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One can show that the scaling f@ris given
0~ %3,

In order to study the solutions of the fmKdV equation (19), it is convenient to describe some properties of the mKdV
equation Q =0). If u > (9/16)e2, it has only one fixed point) = 0. If u < (9/16)e2, it has three fixed points:

3 1 3 1
— _-,_ = 2 _ _ = - 2 _
n=0 (FRy), n= 26 2,/96 16u (FPp), 7 26 + 2,/96 16  (FPy). (20)

If e >0 andu > 0, the nontrivial fixed points are positive.df< 0 andu > 0, the nontrivial fixed points are negative uf< 0,
one nontrivial fixed point is positive while the other one is negative. Interestingly enough, the number and the signs of fixed
points of our model perfectly agree with those obtained from the full governing equations without any further assumption (see
the Appendix).

Integrating the mKdV equation once leads to

3
71)2; = 6,bH72 — Sen3 + é_ln4 +C. (21)

Bounded solutions of (21) depend @nand one. As stated in the introduction, we will consider five cases. Indeed, we will
consider the following cases: (i) subcritical flow & 0) or supercritical flow & > 0), and (ii) thickness ratio belove (< 0),

equal ¢ = 0) and aboved > 0) critical. The case of a supercritical flow with critical thickness ratiox( 0 ande = 0) is

not considered because there is only the trivial fixed poin. F@r each case, the strategy will be the same: after studying
the unforced case, we will study the forced case. The emphasis will be hydraulic falls. Solutions found through the weakly
nonlinear analysis will be confirmed by means of a numerical integration of the full system of governing equations. This is why
we provide in the next section the main steps of the numerical procedure.

4. Numerical scheme

Our numerical procedure follows closely the works of Sha and Vanden-Broeck [5] and of Dias and Vanden-Broeck [3]. Sha
and Vanden-Broeck restricted their attention to solutions which are symmetric with respectytastise Here we follow [3]
and relax this restriction in order to be able to compute hydraulic falls.

The problem is non-dimensionalised by using the velotitas the reference velocity and the depthas the reference
length. The interface is described parametricallyxby X (s) andy =1+ n = Y (s) wheres is the arclength. Therefore we
require

X'+ [V ] =1 (22)

where primes denote derivatives with respect.téVe choose = 0 at the pointt = 0 on the interface (i.eX (0) = 0). Using
the dimensionless variables, we rewrite (5) as

1 1
§[¢1<s)]2 - —p[¢2( 0%+ F—(Y( 5)—1)=35(1-p). (23)

The bottom wall can be mapped into a straight line by using the Joukowski transformation. Following [5] and [3], we derive
the integral equations

T [¢5(0) = X" (@)Y (0) = Y ()] +[X (0) — X (5)]Y'(0)
1]: / do

720X’ [X(0) - X®+[Y(0) — Y(5)]2

do (24)

N 7" [¢5(0) — X' (@)Y (0) + Y (s) — 28 — 2] + [X (o) — X ()]Y'(0)
[X(0)—X($)]2+[28+2—-Y(0)—Y(5)]2

and

n[ B1() f'(5) ] / [¢1(0) — 21" (0)][g(0) — g()] + 2L f (0) — f(s)]g’ ©
2 +g ()2 [f(0) = f()]2+[g(0) — g(s)]2

do, (25)

N 7’ [¢7(0) —2f"(0)][g(0) + g()] + 2 f (o) — f(s)]g'(o)
[f(o) — f()]2+[g(o) + g(s)]?
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where

f= (26)

X\ X°+Y2+a? Y\ X2+v2—a?
<2) X2+v2 g_<2> X24Y2
We note that Egs. (24) and (25) differ from Eqgs. (5) and (8) in [5] because we did not assume symmetry with respect to the
y-axis.
This concludes the formulation of the problem. For given valueg, gf and«, we specify one of the two parametéf€0)
or F and seekpy, ¢, X (s) andY (s) so that (23), (24) and (25) are satisfied.
These equations are discretised by following the procedures outlined in [5] and [3] and the resulting algebraic equations are
solved by Newton iterations. The integrals fremo to co in (24) and (25) are replaced by integrals frem to B, whereA
and B are large. We improved the accuracy by approximating analytically the contributions to the integralsdoaim — A
and fromB to co. As o — —o0, ¢1(0) = 1, ¢5(0) = 1, X'(0) = 1,Y'(0) = 0, f'(0) — 1/2 andg’(0) — 0. Therefore
the numerators of the integrands in (24) and (25) tend to zerm-as—oo and we can neglect the contributions frerro
to —A to the integrals. On the other hand,@as~> co the numerators of the integrands in (24) and (25) do not tend to zero.
We evaluate the contribution from to co by replacingq’)’l(a), q’)’z(cr), Y (o), f(o) andg(o) by their values at the last mesh
point B and approximating’’ (o) by 1/2 andg’(o) by 0. The integrals fronB to co are then calculated analytically. We note
that the approximations of the integrals are consistent in the sense that they become exact in theslimitand B — oo. In
general the number of independent parameters for hydraulic falls is three. These three parameters are foffexangpler
(o, p, B). Butin some cases, four parameters are needed to describe hydraulic falls.

5. Subcritical flow upstream and g > ,/p

In this section and in the next four, weestribe hydraulic falls for subcriticalipercritical flows and thickness ratios
below/above critical. For a density ratio close to unity (freshew@n top of salt water for example), the critical thickness
ratio is also close to unity. Therefore, when a less mathematical language is used below, the case of a thickness ratio above
critical will be described as ‘thick upper lay’ while the case of a thickss ratio below critical will be described as ‘thin upper
layer’

The case considered in this section correspongs<d) ande > 0 (subcritical flow and ‘thickupper layer’). The fixed point
FPy is a centre, while the two other fixed points{F&8hd FB are saddle points. The phase plane of the mKdV equation (21)
(no forcing) is shown in Fig. 3. The non-trivial bounded solutions are either periodic waves going around the cgntre FP
a solitary wave going to the negative saddle poini BPinfinity. On the solitary wave solutiom, (FP;) = 0. Therefore the
constantC in (21) must be equal to

3 81 27
C1=—6ungp, +3endp — Zn,‘épl =—27ue® +12u% + Ee“ + Buey/ 92 — 161 — §e3,/ 92 — 16u.

Its asymptotic behavior g8 — 0 is

323
C1~ .
1 9e2

The phase plane shown in Fig. 3 is qualitatively similar to the KdV phase plane, except for the existence of the positive saddle
point FR.

Fig. 3. Phase plane corresponding to Eq. (19) in the subcriticat 0) and unforced @ = 0) case, withe > 0. The three fixed points are
indicated. Some trajectories are shmo(lpounded, resp. unbounded, trajectories avttqd with solid, resp. dashed, lines).
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Fig. 4. Interface profile and phaseapk of a subcritical hydraulic fall wit$ > ,/p. (a)—(b) Solution computed from the weakly nonlinear
model. (¢)—(d) Solution computed frome full equations. The thickness ratiods= 2 and the density ratio js = 0.6. ThereforeFyj; = 0.555.
The obstruction radius ig = 0.079. The Froude number is found to Be= 0.525.

In the presence of forcingd # 0), we look for solutions which are continuous and bounded fefR, and satisfy

Do+ gen? — P —Gun =0 for x#£0,  ne(0F) ~ (0 =-30. @)
The jump condition is obtained by integrating Eq. (19) fromto 0t .

Since the flow is assumed to be uniform upstream with 0, the solution at infinity upstream is necessarily= 0 (see
Fig. 2). Consequently the solution stays apRR = 0, n, = 0) for x < 0. At x = 0", the jump condition indicates that the
slope of the interface must be3Q. The only possibility fo a bounded solution without oscillatis in the far field downstream
(hydraulic fall) is to jump from Fg on the homoclinic orbit. Since the value gf immediately after the jump is given by
—4/C1, one hasD (u; e) = %\/C_l There is no restriction on the obstruction sizeyadecreases from 0 teco. This solution
corresponds to the curve “hydraulic fall” in the left quarter plane of Fig. 1(a). Both the interface profile and the corresponding
phase plane are shown in Fig. 4. The solution was also computed using the numerical scheme described in Section 4. The
gualitative agreement is good. At infinity downstreah® interface goes to the level given by the fixed paigt ngp1.

6. Subcritical flow upstream and g < /p

The case considered in this section correspongs4d0 ande < 0 (subcritical flow and ‘thirupper layer’). The fixed point
FPy is a centre, while the two other fixed points are saddle points. The phase plane of the mKdV equation (21) (no forcing) is
shown in Fig. 5. The non-trivial bounded solutions are either periodic waves going around the centoe &Bolitary wave
going to the positive saddle point Rt infinity. On the solitary wave solutiom, (FP>) = 0. Therefore the constagtin (21)
must be equal to

3 81 27
Co = —6ungp, + 3engp, — 3 nip, = —27pe® +12u% + Ee“ — Bjey/ 92 — 160 + §e3,/ 92 — 16y

Its asymptotic behavior gs — 0O is

323
9e2

Cox
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Fig. 5. Phase plane corresponding to Eq. (19) in the subcriticat 0) and unforced @ = 0) case, withe < 0. The three fixed points are
indicated. Some trajectories are stmoflounded, resp. unbounded, trajectories avtqd with solid, resp. dashed, lines).

(a) (b)
FP,
FP
0
FP, FP,
(c) (d)
1.08 0.04
1.06 0.03
1.04 0.02
1.02 0.01
= :x
1 0
0.98 -0.01
0.96 -0.02
0.94 -0.03
-20 -10 0 10 20 0.95 1 1.05 1.1 1.15
X n

Fig. 6. Interface profile and phaseapk of a subcritical hydraulic fall with < /p. (a)—(b) Solution computed frothe weakly nonlinear model.
(c)—(d) Solution computed from thelfeequations. The thickness ratio fs= 0.5 and the density ratio is = 0.6. ThereforeFj,;; = 0.426. The
obstruction radius ig = 0.07. The Froude number is found to be= 0.407.

The phase plane shown in Fig. 5 is qualitatively similar to the KdV phase plane, except for the existence of the positive saddle
point FR,.
In the presence of forcingJ # 0), we look for solutions which are continuous and bounded ferR, and satisfy

9 3 _
7]xx+53712_ 5773_6/“7=0 forx #0, le(oJr)_’]x(O )=-30. (28)
The jump condition is obtained by integrating Eq. (19) fromto 0t.

Since the flow is assumed to be uniform upstream with O, the solution necessarily stays atgF@ = 0, n, = 0) for
x < 0. At x = 0T, the jump condition indicates that the slope of the interface must®@. For hydraulic falls, we have
two possibilities: either to jump from FPon the homoclinic orbit, or to jump on the orbit going towards the negative fixed
point FR.

For the solution which jumps on the homoclinic orbit, one BE®:; ¢) = %./Cz since the value off, immediately after the
jump is given by—./C>. This solution corresponds to the curve “hydraulic fall” in the left quarter plane of Fig. 1(b). Both the
interface profile and the corresponding phase plane are shown in Fig. 6. The solution was also computed using the numerical
scheme described in Section 4. The qualitative agreement is gioedrofile shown in Fig. 2 is a solution of the same family.
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Fig. 7. Interface profile and phaseapk of a subcritical hydraulic fall with < ,/p. (a)—(b) Solution computed frothe weakly nonlinear model.
(c)—(d) Solution computed from thelfeequations. The thickness ratio fs= 0.5 and the density ratio is = 0.6. ThereforeFj,;; = 0.426. The
Froude number is equal s (« = 0). The obstruction radius is found to be= 0.079.

On the orbit going towards KPP, (FP;) = 0. Therefore the constant in (21) must be equal to

3 81 27
C1= —GIWIZZPl + 3€n|§pl - Znépl = —27/w2 + 12,u2 + 364 + Buey/9e2 — 16u — Ees,/ 9¢2 — 16u.

Since the value ofj, immediately after the jump is given by./Cy, one hasQ(u; e) = %«/Cl. These solutions can be found

if the obstruction is big enough > %ez). They persist even whem = 0, sinceC1(u =0) = %le“. This type of hydraulic

fall is new. It is due to the cubic nonlinearity. Both the interface profile and the corresponding phase plane are shown in Fig. 7.
The solution was also computed usimg thumerical scheme described in Section 4. The qualitative agreement is good. This
indicates that the modified KdV equation is a good model.

7. Subcritical flow upstream and g = \/p

The case considered in this section corresponds 00 ande = 0 (subcritical flow and upper and lower layers of ‘equal’
thicknesses). The fixed point s a centre, while the two other fixed points{F&hd FB are saddle points. The phase plane
of the mKdV equation (21) (no forcing) is shown in Fig. 8. The non-trivial bounded solutions are either periodic waves going
around the centre KR or fronts going from one saddle point to the other. On the front solugQFPy) = 1, (FPy) = 0.
Therefore the constadt in (21) must be equal to 12|2.

WhenC = 12|11,

3 2 2
nz =5 (0= 2v/1ul)"(n + 2v/iul)”. (29)
The fronts connecting the two fixed points&d FB atn = +2./]u] are given by
n(x) = £2/|u tanh(y/3|]x). (30)
In the presence of forcingJ # 0), we look for solutions which are continuous and bounded ferR, and satisfy
9 3 _
nxx+§en2—§n3—6,un=0 forx #0, 1x (0) — 0y (07) = -3Q. (31)

Since the flow is assumed to be uniform upstream with 0, the solution necessarily stays atgHR = 0, n, = 0) for x < 0.
At x = 0T, the jump condition indicates that the slope of the interface must2@. For hydraulic falls, we have only one



F. Dias, J.-M. Vanden-Broeck / European Journal of Mechanics B/Fluids 23 (2004) 879-898 889

n

X

Fig. 8. Phase plane corresponding to Eq. (19) in the subcriticat 0) and unforced @ = 0) case, withe = 0. The three fixed points are
indicated. Some trajectories are stmoflounded, resp. unbounded, trajectories aviqd with solid, resp. dashed, lines).

possibility: to jump on the lower heteroclinic orbit. Since the value;pimmediately after the jump is given by«/12|u/|,
one hasQ(u; e) = %lﬂl- There is no restriction on the obstruction sizeyadecreases from 0 teco. Interface profiles and

corresponding phase planes are not shown becaegath qualitatively similar to those of Fig. 4.

8. Supercritical flow upstream and 8 > /p

The case considered in this section corresponds 00 ande > 0 (supercritical flow and ‘thick upper layer’). The fixed
points FR and FB are saddle points, while the fixed point#B a center. As opposed to the subcritical case, the phase plane
depends om. The critical values fop arepu = %62 andu = T9662' The phase planes of the mKdV equation (21) (no forcing)

are shown in Fig. 9. As explained in the Appendix, the value %‘ez corresponds to the value of the Froude number for fronts

[+ 81—
F = Fyont= %\/ﬁm,

while the valueu = %ez corresponds to the maximum value of the Froude number acceptable for hydrauli€ fallénax.

Itis quite remarkabl¢hat the mKdV equation reproduces [@ast qualitatively) these two critical values of the Froude number
obtained from the full governing equations, while the classical KdV equation reproduces none of these two values.

In Fig. 9(a), the non-trivial bounded solutions are either periodic waves going around the cenive &8olitary wave going
to the origin FR at infinity. On the solitary wave solutiom, (FPy) = 0. Therefore the constait in (21) must be equal to 0.
The phase plane shown in Fig. 9(a) is qualitatively similar to the KdV phase plane, except for the existence of the positive saddle
point FR. Therefore, when & u < %62, all bounded solutions described in DVB also exist. There are in fact no other bounded
solutions. In the presence of forcin@ & 0), we look for solutions which are continuous and bounded ferfR, and satisfy

9 2 33 + -
Nex + en” = zn° =6un=0 forxz0,  ny(07) —ne(07) = -3Q. (32)

The jump condition is obtained by integrating Eq. (19) fromto 0t .

Since the flow is assumed to be uniform upstream with0, the solution forx < 0 necessarily follows the homoclinic orbit.
At x =0, the jump condition), (07) — 5, (07) = —3Q must be satisfied. The only polssity for a bounded solution without
oscillations in the far field downstrearnydraulic fall) is to jump on the fixed point FPThe value ofy, immediately before

the jump is given by\/ﬁ,un%pl — Sengpl + %néPl' The solution forx > 0 simply isn = nFp;, nx = 0. There is a one-to-one
correspondance betwegnand the obstruction size:

1 3
O(uie) = 5/6/m§p1 —3endp, + e,

This solution corresponds to the curve labeled “hydraulic fall” in the right quarter plane of Fig. 1(a), except that it stops at
w= %ez. Both the interface profile and the corresponding phase plane are shown in Fig. 10. The solution was also computed
using the numerical scheme described in Section 4. The qiwaitagreement is good. At infinity downstream, the interface
goes to the level given by the fixed point= ngp1.
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(a) e>0, 0<u<(1/2)e? (b) e>0, u=(1/2)e? (c) >0, (1/2)e? < u < (9/16)€?

Fig. 9. Phase planes corresponding to Eq. (19) in the supercrifical @) and unforced case)(= 0), with ¢ > 0. The phase plane for
> (9/16)e2 is not shown: there is only one fixed point, the origingFm (b), the maximum value of, along the front is% V3e2. The three
fixed points are indicated. Some trajectsr@e shown (bounded, resp. unbounded, trajectoréeplatted with solid, resp. dashed, lines).
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Fig. 10. Interface profile and phase panf a supercritical hydraulic fall wit > ,/p and Fyit < F < Ffront. (@)—(b) Solution computed from
the weakly nonlinear model. (c)—(d) Solution comgmifrom the full equations. The thickness ratiggis= 2 and the density ratio is = 0.6.
ThereforeFpit = 0.555 andFront = 0.6173. The obstruction radius és= 0.046. The Froude number is found to be= 0.568.

The phase plane shown in Fig. 9(p) £ %ez) is different from the KdV phase plane. The non-trivial bounded solutions of
(29) in the unforced case&) = 0) are either periodic waves going around the centrg BPfronts connecting the fixed points
FPy and FB. The explicit expression of the front going from - FP is

1 =e[1+tanr<%«/§ex>]. (33)

In the presence of forcing, the jump condition must be satisfied. Since the flow is assumed to be uniform upstr@as0Owith
the solution forx < 0 necessarily follows the hetelotc orbit. Again the only possility for a bounded solution without
oscillations in the far field downstam (hydraulic fall) is to jump at = 0 from the heteroclinic orbit on the fixed point E£P
The solution forx > 0 simply isn = nrp;, nx =0.
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Fig. 11. Interface profiles and phase plamésarious supercritical hydraulic falls aihed from the weakly nonlinear model with> /o
and Fiont < F < Fmax- (2)—(b) Solid line: solution connecting the unstable branith the solitary wave of depression, dashed line: solution
connecting both unstable branch@y—(d) Solutions connecting the uable branch with the fixed point Rsolid line) or the fixed point Ff
(dashed line).

The phase plane shown in Fig. 9(¢) ¢ %ez) is different from the KdV phase plane. The non-trivial bounded solutions are
either periodic waves going around the centrg Fd® a solitary wave going to the fixed point Bt infinity. On the solitary
wave solutiony), (FP») = 0. Therefore the constagt in (21) must be equal to

3 81 27
C2 = —6ungp, + 3engp, — Zn,‘épz =—27ue® +12u% + §e4 — Bley/9e? — 16u + §.e3,/9e2 — 16y,

with

_12 _ _9 2\ _ 814
C2<u—26>—0 and C2<,u—16e>— 646.

In the presence of forcing, the jump condition must be satisfied. The solution 08 necessarily follows the unbounded
solution originating at the fixed point GPAt x = 0, the jump condition, (07) — 1, (07) = —3Q must be satisfied. The
situation here is different from all previous cases. Indeed, previous hydraulic falls were characterized by three independent
parameters, for example the dimensionless obstacle size, the density ratio and the thickness ratio. In the weakly nonlinear
analysis, these three parameters correspond,tp and 8. The Froude number (q) is an unknown. This is still the case

for the “classical” hydraulic falls where the solution jumps on the fixed point SBe the solid line in Fig. 11 (c) and (d)) or

on the fixed point Fp (see the dashed line in Fig. 11 (c) and (d)). But a close look at the phase plane of Fig. 9(c) shows that
one needs to specify the Froude number as well in order to obtain a hydraulic fall which goes to the fixed poivitHemt

jumping directly on it. Various possibilities are shown in Fig. 11. The jump can occur as soon as the elevation of the interface
goes beyond the lowest point ¢ime solitary wave of depressi. Fig. 12 shows the jump maitude (which isproportional to

the obstruction size) as a function of the elevation where the jump occurs, for a particular set of parameterds. In other

words, four independent parameters are now needed to characterize a hydraulic fall. Moreover, for some sets of parameters
(Q, u, p, B), there can be as much as three distinct hydraulic falls (see Fig. 12). Note also that this new type of hydraulic
falls requires a minimum obstruction size. Interface profiles and corresponding phase planes obtained numerically from the
full equations are shown in Fig. 13 (classical hydraulic fall approching the fixed poinaFBfinity and corresponding to the

curve labeled “hydraulic fall” in the right quarter plane of Fig. 1(a), except that it lies between the Valgigsand Fmax of

the Froude number) and in Fig. 14 (hydraulic falls characterized by four independent parameters and approching the fixed point
FP, at infinity).
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2.5

lAn_J(0)

Fig. 12. In the supercritical case with> ,/p and %ez <u< %ez, four parametersQ, o, B, 1) are needed to describe hydraulic falls. The
curve shows the jump magnitudesat= 0 (which is proportional taQ) versus the interface elevation where the jump occurs. The three other
parameterp, B andu are fixed. The “classical” hydulic falls are indicated with- signs. The three fixed points are indicated.
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Fig. 13. Interface profile and phase ptaof a supercritical hydraulic fall witl$ > /o and Firont < F < Fmax. Solution computed from the
full equations (this solution corresponds to the weakly nonlineartisolishown in Fig. 11 (c) and (d) with a solid line). The thickness ratio
is 8 = 2 and the density ratio is = 0.6. ThereforeFjjs = 0.555 Front = 0.6173 Fmax = 0.6256. The obstruction radius és= 0.28. The
Froude number is found to b = 0.6250.

9. Supercritical flow upstream and 8 < /o

The case considered in this section corresponds $00 ande < 0 (supercritical flow and ‘thin upper layer’). The fixed
points FRy and FR are saddle points, while the fixed pointFB a center. As for the cage> ,/p, the phase plane depends
on w. Again, the critical values fon areu = %ez andu = 1—96e2. The phase planes of the mKdV equation (21) (no forcing) are
shown in Fig. 15.

The phase plane shown in Fig. 15(a) is qualitatively similar to the KdV phase plane, except for the existence of the negative
saddle point FPP. The non-trivial bounded solutions are either periodic waves going around the cepter BFsolitary wave
going to the origin at infinity. On the solitary wave solutiop,(FPy) = 0. Therefore the constaudt in (21) must be equal
to 0.

In the presence of forcing, the jump condition must be satisfied. Since the flow is assumed to be uniform upstream with
n = 0, the solution forx < 0 either follows the homoclinic bit, or stays at the origin. Thelassical possility for a bounded
solution without oscillations in the far i downstream (hydrauli€all) is to jump from the homoclinic orbit on the fixed
point FR. The solution forx > 0 simply isn = nrp,, nx = 0. The presence of the fixed point FRads to a new possibility
for hydraulic falls: it consists in leavindié origin along the homoclinic orbit (degssion solitary wave) and jumping down
on the unbounded orbit which goes back to the fixed point. PPclose look at the phase plane of Fig. 15(a) shows that in
general one needs to specify the Froude number as well in order to obtain a hydraulic fall which goes to the fixed, point FP
Various possibilities are shown in Fig. 16 (a) and (b). The jump can occur as long as the elevation of the interface immediately
before the jump stays above the lowest point on the solitary wave of depression. Fig. 17 shows the jump magnitude (which is
proportional to the obstruction size) as a function of the elevation where the jump occurs, for a particular set of pgrameters
p andg. In other words, four independent parameters are again needed to characterize a hydraulic fall. Moreover, for some sets
of parametersQ, u, p, 8), there can be as much as three distinct hydraulic falls (see Fig. 17). Again this type of hydraulic falls
requires a minimum obstruction size.
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Fig. 14. Interface profiles and phase planésarious supercritical hydraulic falls with > ,/p and Fyront < F < Fmax. Solutions computed
from the full equations (these solutions correspond to the weakly remnlisolutions shown in Fig. 11 (a) and (b)). The thickness ratio is
B =2 and the density ratio is = 0.6. ThereforeFj; = 0.555, Firgnt = 0.6173, Fmax = 0.6256. The obstruction radius is, from top to bottom,
o« =0.305 0.65,0.85. The Froude number is found to be, from top to bottéhs: 0.6247, 0.618 0.618.

(a) e<0, O<u<(1/2)e? (b) e<0, u=(1/2)e? (c) e<0, (1/2)e® < u < (9/16)€?

Fig. 15. Phase planes corresponding to Eq. (19) in the supercritical ) and unforced case) = 0), with ¢ < 0. The phase plane for
w > (9/16)e? is not shown: there is only one fixed point, the origingFm (b), the maximum value of, along the front is% V3e2. The three
fixed points are indicated. Some trajecterare shown (bounded, resp. unbounded, trajectoréeplatted with solid, resp. dashed, lines).

Interface profiles and corresponding phase planes computed numerically from the full equations are shown in Fig. 18
(classical hydraulic fall approaching the fixed pointoFR® infinity and corresponding to the curve labeled “hydraulic fall”
in the right quarter plane of Fig. 1(b), except that it lies between the vaigeand Fiont Of the Froude number) and in Fig. 19
(hydraulic falls characterized by four independent parameters and approaching the fixed painirffiRity).

Finally, a look at the phase planes shown in Fig. 15 (b) and (c) indicates that hydraulic falls are not pos#ible £ggt.
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Fig. 16. Interface profiles and phase planésarious supercritical hydraulic falls aiihed from the weakly nonlinear model with< /o and
Fpif < F < Fyront- (2)—(b) Solutions connecting the homodtimrbit originating at the fixed point FPwith the unstable branch going to the
fixed point FR. (c)—(d) Solution connecting the homodtrorbit originating at the fixed point Ffwith the fixed point FB.
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Fig. 17. In the supercritical case with< ,/p and O< u < %62, four parametersQ, p, B, 1) are needed to describe hydraulic falls. The curve
shows the jump magnitude at= 0 versus the interface elevation where the jump ceclihe “classical” hydraulic fall is indicated with-a
sign. The two fixed points FPand FR) are indicated.
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Fig. 18. Interface profile and phase ptaof a supercritical hydraulic fall witl¥ < /o and Fyjt < F < Firont. Solution computed from the full
equations (this solution corresponds to the weakly nonlingatiso shown in Fig. 16 (c) and (d)). The thickness rati@is- 0.5046 and the
density ratio iso = 0.6. ThereforeFys = 0.4275 andFont = 0.4372. The obstruction radiusds= 0.0421. The Froude number is found to be
F =0.4365.
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Fig. 19. Interface profiles and phase plawnésarious supercritical hydraulic falls with < /o and Fyjt < F < Front. Solutions computed
from the full equations (these solutions correspond to the weakly remnlisolutions shown in Fig. 16 (a) and (b)). The thickness ratio is
B = 0.5 and the density ratio is = 0.6. The Froude numbers are found tofe= 0.4359 (top) and” = 0.4364 (bottom).

10. Discussion

The analytical and numerical results found in DVB have been extended to the full range of Froude numbers and thickness
ratios. We now have a full picture of hydraulic falls generated by an obstacle moving at a constant velocity at the bottom of a
channel containing two superposed lay&rBuids of constant densities. All hydrauliall solutions of the aymptotic long wave
equations have been identified. The equivalent solutions of the fully nonlinear equations have been computed. One interesting
finding of the analytical studies is thatetlvarious families of hydraulic falls depend either on three or on four parameters. We
have established that this is not an artifact of the long waympwtics by demonstrating that the same dependence on the
number of parameters occurs in the fully nonlinear calculations.

Two important values of the Froude number have been known for a long time: theAgdwerresponding to the transition
subcritical/supercritical and the supercritical valBgyn: corresponding to fronts. Our present results show the importance
of a third value, larger than the other twBmnax. This is the maximum Froude number for hydraulic falls. Its importance in
experiments has not been revealed yet, simply because the int€pgt, Fmax] is usually rather small. For example, for
p = 0.6 and B = 0.5, this interval is[0.4365 0.4377)! For 8 = 2, it is [0.6173 0.6256. If one takesp = 0.96, a typical
value for experiments, one find®.1237 0.1244 for 8 = 0.5 and[0.175Q 0.1763 for 8 = 2. In fact even the whole range
[ Fyit; Fmaxl is small sinceFpis = 0.1170 for8 = 0.5 and Fj,jf = 0.1644 forB = 2. Consider for example a channel with total
depth equal to 30 cm. Thef = 0.5 is obtained with:] = 20 cm @5 = 10 cm) andg = 2 with 2] = 10 cm 5 = 20 cm).

The corresponding interesting interval range for the spéed [16.5; 17.6] cm/s for both thicknesses. In order to obtain a

wider interval, one should take for example a thicker bottom lajes 27 cm (5 = 3 cm). The corresponding interval fér

would be[10.6; 18.3] cm/s. Recall that this is the region where the number of independent parameters for hydraulic falls is four
instead of three. The consequence for experiments is as follows. Let us consider for example the simple experiment in which an
obstacle moves at the bottom of a channel filled with two superposed fluids at rest. The known parameters are the density ratio
p, the thickness rati@ and the obstruction siz@. Usually one expects only one value of the obstacle speed which provides

an hydraulic fall. Our new results in the ran@is; Fmax] indicate that all values of the speed may provide an hydraulic fall!
However, the speed range is rather small and only careful experiments may be able to explain what happens.

Fig. 20 provides a summary of the existence of hydraulic falls for two-layer flows. It is interesting to compare Fig. 20 with
Fig. 1. All the curves labeled ‘hydraulic fall’ in Fig. 1 are alscepent in Fig. 20. But the supercritical curves stop either at
F = Fyront (B < /p) or at F = Fmax (B > /p). Moreover there is a second branch of subcritical falls in the gase,/p.

Finally, there is a region of supercritical hydraulic falls described by four parameters. As stated in the introduction, the focus
of the present paper is hydraulic falls. As in DVB, there are ositesdy solutions: solitary wasgwavy solutions, generalized
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Fig. 20. Description of steady two-layer hydraulic falls ove@stacle. (a) Ratio of layer depths slightly above critigai( /o). (b) Ratio of
layer depths slightly below critica(< ,/p). The positive (resp. negative) horizontal axisresponds to supercritical (resp. subcritical) flows.
The vertical axis is the obstacle size. The shaded regions represeatlydlls with four independant pareeters. The dotted lines represent
the lower and upper parts of the loops in Figs. 12 and 17.

hydraulic falls. Wavy solutions and generalized hydraulic falls approach a periodic solution downstream. In fact, the solutions
shown in Fig. 6 and in Fig. 18 are generalized hydraulic falls. One can see small waves along the interface.

A final remark is that there is a shear layer downstream for hyidrelis. In the absence of int&rcial tenson, insabilities
of Kelvin—Helmholtz type may devep. Therefore, a stability analysis thfe hydraulic falls ought to be performed.
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Appendix. Conjugate states

In this appendix, we recall some global results on fronts (in the absence of an obstacle) and on conjugate flows (in the
presence of an obstacle). The main purpose is to explain the origin of the special values of the FroudeFhunihgp: and
F = Fmax.

Fronts and conjugate flows are flows characterized by different uniform flows upstream and downstream. For simplicity,
it is assumed that the upstream uniform flows have the same gpeedhe upper and bottom layers. Givén 4] andh}
upstream, one would like to know what are the possibilities for the uniform speeds and the layer thicknesses downstream (four
unknowns). The conservation of mass fluxes in each layer provides two equations. The conservation of energy provides a third
equation. The constraint that the channel height is constant provides a fourth equation. For fronts, the conservation of horizontal
momentum flux provides a fifth equation.

Consequently, in the case of conjugate flows, one anticipates to be able to find nontrivial solutions for a continuous range of
upstream Froude numbers and thickness ratios since there are four equations with four unknowns to be solved. For fronts, one
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Fig. A.1. Plot of the Froude numbef versus the ratid between the downstream and the upstream bottom layer thicknesses. (a) Subcritical
and supercritical flows wit8 > ./p. The computations are performed with=2 andp = 0.6. For such parameter valueByjs = 0.555,

Firont = 0.6173 andFmax = 0.6256. (b) Subcritical and supercritical flows with< ,/p. The computations are performed wjth= 0.5 and

p = 0.6. For such parameter valudg,j; = 0.4264, F.gnt = 0.4365 andFmax = 0.4377. There is always a maximum valBigax for the Froude

number. (c) Same as (a), but restricted to supercritical flows. (d) Same as (b), but restricted to supercritical flows. The dotted lines represent
the value of the Froude numbép;s, while the dashed lines represent the value of the Froude nufifagf. The labels correspond to figure
numbers. The label 18 is slightly off the curve becagseas equal to 0.5046 instead of 0.5.

anticipates to find nontrivial solutions gnfor special upstream conditis. This is exactly what lppens: fronts exist only if
the upstream Froude numbeEris equal toF = Ffont-
For conjugate flows, one finds the following relationship between the upstream Froude nEnavet the ratioh =

htljownstrear? hi:
2 2(1-p)
A+ /R4 p(L+28—h)/(L+B— )P
The relationship (A.1) can be easily obtained from Egs. (A.3) and (A.8) in [27] together with the rigid lid constraint. Solutions
to Eq. (A.1) are plotted in Fig. A.1. Clearly, there is a maximum Froude nurfpgk for conjugate flows.

(A1)
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