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Abstract

Motions in a forced channel flow of two contiguous homogeneousfluids of different constant densities and differe
thicknesses are considered. The total depth is finite and the upper surface is constrained to be planar (rigid lid appro
The forcing is due to a bottom obstruction. The existence of a critical thickness ratio, obtained when the square of the
ratio is equal to the density ratio, leads to major differences with the one-layer case. The present study concentrat
critical case. Moreover it is restricted to hydraulic falls, which are steady flows over an obstacle providing a transition betwee
a subcritical and a supercritical flow. A weakly nonlinear analysis is performed. At leading order the problem reduces
forced modified Korteweg–de Vries equation which can be integrated exactly. The weakly nonlinear results are vali
comparison with a numerical integration of the full governing equations. The numerical method is based on boundary
equation techniques. The differences with the one-layer case are the existence of a second family of subcritical hydr
when the thickness ratio is below critical, and the existence of supercritical hydraulic falls described by four parameter
of three for all thickness ratios.
 2004 Elsevier SAS. All rights reserved.
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1. Introduction

This paper deals with motion forced by obstacles in the flow of two contiguous homogeneous fluids of different c
densities and different thicknesses. The total depth is finite and the upper surface is constrained to be planar (rigid lid approx
mation). This is an excellent approximation in most oceanic situations (see for example [1]). A two-layer configuration
wider variety of possible flow situations than a one-layer configuration. A review of the one-layer case (one fluid layer b
below by a rigid bottom and above by a free surface) can be found in [2]. The complexity of the two-layer configuratio
to the existence of a critical thickness ratio, obtained when the square of the thickness ratio is equal to the density rat
as we know, no physical interpretation of this critical thicknessratio has been given yet although it has been known for over
years. The present paper is a continuation of the companion paper [3], in which only the non-critical case, i.e. the case when
ratio of layer depths is far from critical, was considered. This companion paper will be referred to as DVB below. A sum
the results obtained in DVB is shown in Fig. 1. A hydraulic fall solution is characterized by different uniform flows upstrea
downstream of the forcing. Fig. 1(a) shows that for a given obstruction, a given density ratio, and a ratio of layer depth
critical, there are two important values of the Froude numberF , a subcritical oneFsuband a supercritical oneFsuper, such that:

* Corresponding author.
E-mail address: frederic.dias@cmla.ens-cachan.fr (F. Dias).

0997-7546/$ – see front matter 2004 Elsevier SAS. All rights reserved.
doi:10.1016/j.euromechflu.2004.04.003



880 F. Dias, J.-M. Vanden-Broeck / European Journal of Mechanics B/Fluids 23 (2004) 879–898

low

;
jugate

m flow

draulic

owever,
tion (this

tacular for
urrence

lved
utations

rbitrary
d tops.
ence of
11].
ar waves
uded in
xtended,
e-

hing
y waves
Fig. 1. Description of steady two-layer flows over an obstacle (from [3]).(a) Ratio of layer depths above critical. (b) Ratio of layer depths be
critical. The positive (resp. negative) horizontal axis corresponds to supercritical (resp. subcritical) flows. The vertical axis is the obstacle size.

(i) whenF < Fsub, there is a unique downstream periodic wave matched with the upstream (subcritical) uniform flow
(ii) when F = Fsub, the period of the periodic wave extends to infinity and the solution becomes a hydraulic fall (con

flow solution) – the flow is subcritical upstream and supercritical downstream;
(iii) when F > Fsuper, there are two symmetric solitary waves sustained over the site of forcing, and atF = Fsuperthe two

solitary waves merge into one;
(iv) when F > Fsuper, there is also a one-parameter family of solutions matching the upstream (supercritical) unifor

with a periodic wave downstream;
(v) for a particular value ofF > Fsuper, the downstream wave can be eliminated and the solution becomes a reversed hy

fall.

When the ratio of layer depths is below critical, Fig. 1(b) shows that the results are the same for subcritical flows. H
when the flow is supercritical, there is always an additional solitary wave solution, regardless of the size of the obstruc
solution covers the whole ‘supercritical’ quarter plane).

In the present paper, we show that the consequences of the existence of a critical depth ratio are rather spec
solutions in the form of hydraulic falls. This is the reason why the emphasis of the paper is hydraulic falls. For the occ
of hydraulic falls in nature, see for example [4].

An extensive literature review is available in [3]. Here we recall the main results. Sha and Vanden-Broeck [5] so
numerically an integrodifferential equation to compute two-layer flows past a semicircular obstruction, but their comp
were restricted to symmetricsolitary waves. Forbes [6] computed two-layer hydraulic falls with free-surface boundary
conditions. In other words the top boundary is free. Belward and Forbes [7] computed two-layer flows over an a
topography. Following [5,6], we choose the obstacle to be a semi-circular cylinder. As in [5], we only consider rigi
In other words the top boundary is a solid wall. Dias and Vanden-Broeck [8] computed two-layer fronts in the abs
obstacle and with a rigid top. Numerical computations of steady and unsteady internal waves can also be found in [9–

There are also results on model equations. Shen [12] derived forced Korteweg–de Vries equations for long nonline
in two-layer flows with a free surface and compared his results with those of Forbes [6]. Capillary effects were incl
[13,14]. Grimshaw, Chan and Chow [15] worked on a forced extended (or modified) Korteweg–de Vries equation. By e
we mean a KdV equation with both a quadratic term and a cubic term in the nonlinearity. Hanazaki [16] compared tim
dependent numerical results on model equations with results on the full equations. An interesting consequence of the vanis
of the quadratic term can be found in [17]. Johnson and Clarke worked on weakly nonlinear models for forced Rossb
[18,19] and on supercritical leaps in two-layer hydraulics [20].
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Fig. 2. Sketch of the flow. A uniform flow of velocityU in each layer approaches from left to right a semi-circular obstruction of radiusr∗ . The
flow shown in the figure is a computed subcritical hydraulic fall, with parametersα = 0.2514,β = 0.5, ρ = 0.6. The Froude numberF , which
is an unknown, is found to be to 0.304.

Various experimental results can be found in [21–26]. Pratt’s experiments [22] deal with one-layer flows but they
two obstacles. Pratt found some steady hydraulic falls with a regular train of waves between the obstacles, the fl
uniform and subcritical upstream of the first obstacle and uniform and supercritical downstream of the second obst
focus of Melville and Helfrich’s experiments [23] was theunsteady transcritical regime oftwo-layer flows over topography
They found a good agreement between their experiments and numerical solutions to a forced extended KdV equation
range of parameters. Later, Grue et al. [9] found a very good agreement between the experiments and numerical solut
fully nonlinear equations for the full range of parameters. Arntsen [24,25] performed experiments on a submerged h
circular cylinder moving in a three-layer fluid. Measurements were made of the interfacial waves formed behind the
towed horizontally at constant speeds, and of the drag and lift forces exerted on the cylinder. The closest experime
flows studied in the present paper are those of Lawrence [26]. Lawrence studied theoretically and experimentally ste
layer flows over a fixed two-dimensional obstacle. He presented a classification scheme to predict the regime of fl
the obstacle size, the total depth of flow, and the density and flow rate of each layer. He found some differences bet
classification scheme and that derived for flow over a towed obstacle by Baines [21]. These differences are due to the
upstream disturbances in towed obstacle flows. Lawrence observed various hydraulic falls and wavy solutions. He sh
internal hydraulic theory is not sufficient to explain the experimental results. Unfortunately, none of his experiments
the critical case under study in the present paper.

The velocities of the uniform flows far upstream are assumed to be the same and are denoted byU . The thicknesses of th
uniform flow far upstream are denoted byh∗

1 (bottom layer) andh∗
2 (upper layer). All along, quantities related to the uppe

layer of fluid will have the subscript 2, while those related to the bottom layer will be indexed with 1 (see Fig. 2). The up
Froude numberF is defined by

F = U√
gh∗

1

, (1)

whereg is the acceleration due to gravity.
Section 2 provides the formulation of the problem. Our strategy is to find all solutions by weakly nonlinear analysis

validate (or invalidate) them with numerical solutions of the full governing equations. In Section 3, a weakly nonlinear m
introduced. It is valid for subcritical as well as supercritical flows, close to the critical thickness ratio. In Section 4, the nu
scheme used to solve the full governing equations and boundary conditions is briefly described. Five regimes are considered
presented in Sections 5–9. Each regime is characterized by two properties: (i) subcritical or supercritical flow, and (ii) thicknes
ratio below, equal or above critical. The supercritical regime with critical thickness ratio is not described because hydra
are not possible. Section 10 offers a discussion. The Appendix provides some exact properties of hydraulic falls.

2. Formulation

The steady irrotational flow of two contiguousincompressible inviscid fluids of different densities and different thicknesse
past a submerged obstruction is considered (see Fig. 2). Thex∗-axis is chosen to be along the bottom of the channel.
y∗-axis is chosen to go through the middle of the obstruction, which is assumed to be a semi-circle of radiusr∗. The flow is
assumed to be uniform far upstream, with the same velocityU in both layers. The densities are denoted byρ∗

1 (bottom layer)
andρ∗

2 (top layer). The dimensionless circle radiusα, the ratio of layer thicknessesβ and the density ratioρ are introduced:

α = r∗
h∗

1
, β = h∗

2
h∗

1
, ρ = ρ∗

2
ρ∗

1
. (2)
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The velocity potentialsφ∗
i

satisfy Laplace’s equation in the interior of each layer:
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�φ∗
i = 0, i = 1,2. (3)

Along the interface described byy∗ = h∗
1 + η∗(x∗) there are two kinematic conditions

∂φ∗
i

∂x∗
dη∗
dx∗ − ∂φ∗

i

∂y∗ = 0, i = 1,2. (4)

Using Bernoulli’s equation in each fluid and eliminating the pressure at the interface, one can write the dynamic condition
the form

1

2
|∇φ∗

1 |2 − 1

2
ρ|∇φ∗

2 |2 + (1− ρ)gη∗ = 1

2
(1− ρ)U2. (5)

The conditions of no flow normal to theupper and bottom walls may be written

∂φ∗
2

∂y∗ = 0 aty∗ = h∗
1 + h∗

2, and
∂φ∗

1
∂x∗

dh∗
dx∗ = ∂φ∗

1
∂y∗ aty∗ = h∗(x∗), (6)

where

h∗(x∗) =
{(

r∗2 − x∗2)1/2 (|x∗| � r∗)
,

0
(|x∗| > r∗)

.
(7)

Let us briefly consider the linearization of the problem (3)–(6) in the absence of obstruction(r∗ = 0). Given waves of the
form

φ∗
1 = Ux∗ + ϕ∗

1, φ∗
2 = Ux∗ + ϕ∗

2,

the linearization results in the dispersion relation for infinitesimal waves of wavenumberk∗ in a two-fluid configuration with a
rigid lid:

k∗U2 tanhk∗h∗
2 + k∗U2ρ tanhk∗h∗

1 = g(1− ρ) tanhk∗h∗
1 tanhk∗h∗

2. (8)

If the velocities of the uniform flows upstream were different in each layer (sayU1 andU2), the dispersion relation would rea

k∗U2
1 tanhk∗h∗

2 + k∗U2
2ρ tanhk∗h∗

1 = g(1− ρ) tanhk∗h∗
1 tanhk∗h∗

2.

In dimensionless form, the dispersion relation (8) becomes

kF2(tanhkβ + ρ tanhk) = (1− ρ) tanhk tanhkβ, (9)

wherek = k∗h∗
1 is the dimensionless wavenumber. Real values fork can be found only if the Froude numberF is smaller than

Fbif , defined as

Fbif =
√

β(1 − ρ)

β + ρ
. (10)

The flow is then called subcritical. Otherwise it is supercritical.
In this paper, we look for stationary flows. The weakly nonlinear analysis as well as the numerical analysis de

subcritical and supercritical flows. The focus is solutions in the form of hydraulic falls. For most solutions, the problem i
a set of three parameters, which can be chosen as(F,ρ,β) or (α,ρ,β). But in some cases, four parameters are neede
describe solutions. Some exact properties of hydraulic falls are summarized in the Appendix.

3. Weakly nonlinear analysis

One of the main difficulties in computing free-surface flows is to find the number of independent parameters.
purpose, a weakly nonlinear analysis can be useful.

As shown in DVB, a classical perturbation expansion for long waves (k → 0) applied to the problem (3)–(6) leads to the s
called forced Korteweg–de Vries (fKdV) equation. Since the present paper deals with stationary solutions, only the s
fKdV equation is considered. Takingh∗

1 as unit length and introducing

x = x∗
h∗

1
, η = η∗

h∗
1
, h = h∗

h∗
1
,
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the fKdV equation takes the form

in [2] that

ng
on

weg–de
1

6
bηxxx + 3

2
aηηx − (F − Fbif)ηx = −f hx, (11)

where

a = β2 − ρ

β(β + ρ)
Fbif, b = β

(
1+ βρ

β + ρ

)
Fbif, f = 1

2

(
β

β + ρ

)
Fbif . (12)

The perturbation expansion depends on a small parameterε. The scaling

x → √
ε

x√
b
, η → 1

ε
|a|η, F − Fbif = εµ, h → 1

ε2
f |a|h (13)

transforms (11) into

1

6
ηxxx ± 3

2
ηηx − µηx = −hx, (14)

where the plus sign is chosen ifβ >
√

ρ and the minus sign is chosen ifβ <
√

ρ. The parameterµ introduced in (13) is a
bifurcation parameter. It measures the Froude number relative to the critical Froude numberFbif . Integrating Eq. (14) once
leads to

ηxx ± 9

2
η2 − 6µη = −3Qδ(x), (15)

under the condition that the flow is uniform far upstream, and thath(x) can be approximated by the Dirac delta function:

h(x) = Qδ(x).

This makes sense for obstructions whose height is comparable with the length of the obstruction base. It was shown
the scaling forQ is given by

Q ≈ α5/4.

As explained in DVB, if|η∗/h∗
1| � (β −√

ρ), that is near the critical ratio of layer depthsβ = √
ρ, the fKdV equation is no

longer valid. The coefficienta of the quadratic termηηx is small and the cubic termη2ηx must be computed. The previous lo
wave analysis was based on the scalingα = ε2. The new scaling isα = ε3 (see for example [13]). The modified KdV equati
takes the form

1

6
bηxxx + 3

2
aηηx − 3

4
cη2ηx − (F − Fbif)ηx = −f hx, (16)

where

a = 2(β − √
ρ)√

ρ(1+ √
ρ)

Fbif, b = (1− √
ρ + ρ)Fbif, c = 4√

ρ
Fbif, f = 1

2(1+ √
ρ)

Fbif .

The new scaling

x → ε
x√
b
, η → 1

ε

√
cη,

a√
c

= εe, F − Fbif = ε2µ, h → 1

ε3
f |a|h (17)

transforms (16) into

1

6
ηxxx + 3

2
eηηx − 3

4
η2ηx − µηx = −hx. (18)

The parameterµ introduced in (17) is again a bifurcation parameter. It measures the Froude number relative to the critical
Froude numberFbif . The parametere introduced in (17) measures how far one is from the critical ratio of layer depthsβ = √

ρ.
In the absence of forcing, the forced modified Korteweg–de Vries (fmKdV) equation (18) reduces to the modified Korte
Vries equation (mKdV). Integrating (18) once leads to

ηxx + 9

2
eη2 − 3

2
η3 − 6µη = −3Qδ(x), (19)

under the condition that the flow is uniform far upstream, and thath(x) can be approximated by the Dirac delta function:

h(x) = Qδ(x).
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Q ≈ α4/3.

In order to study the solutions of the fmKdV equation (19), it is convenient to describe some properties of the
equation (Q = 0). If µ > (9/16)e2, it has only one fixed point:η = 0. If µ < (9/16)e2, it has three fixed points:

η = 0 (FP0), η = 3

2
e − 1

2

√
9e2 − 16µ (FP1), η = 3

2
e + 1

2

√
9e2 − 16µ (FP2). (20)

If e > 0 andµ > 0, the nontrivial fixed points are positive. Ife < 0 andµ > 0, the nontrivial fixed points are negative. Ifµ < 0,
one nontrivial fixed point is positive while the other one is negative. Interestingly enough, the number and the signs
points of our model perfectly agree with those obtained from the full governing equations without any further assump
the Appendix).

Integrating the mKdV equation once leads to

η2
x = 6µη2 − 3eη3 + 3

4
η4 + C. (21)

Bounded solutions of (21) depend onµ and one. As stated in the introduction, we will consider five cases. Indeed, we
consider the following cases: (i) subcritical flow (µ < 0) or supercritical flow (µ > 0), and (ii) thickness ratio below (e < 0),
equal (e = 0) and above (e > 0) critical. The case of a supercritical flow with critical thickness ratio (µ > 0 ande = 0) is
not considered because there is only the trivial fixed point FP0. For each case, the strategy will be the same: after stud
the unforced case, we will study the forced case. The emphasis will be hydraulic falls. Solutions found through the
nonlinear analysis will be confirmed by means of a numerical integration of the full system of governing equations. Thi
we provide in the next section the main steps of the numerical procedure.

4. Numerical scheme

Our numerical procedure follows closely the works of Sha and Vanden-Broeck [5] and of Dias and Vanden-Broeck
and Vanden-Broeck restricted their attention to solutions which are symmetric with respect to they-axis. Here we follow [3]
and relax this restriction in order to be able to compute hydraulic falls.

The problem is non-dimensionalised by using the velocityU as the reference velocity and the depthh∗
1 as the reference

length. The interface is described parametrically byx = X(s) andy = 1 + η = Y(s) wheres is the arclength. Therefore w
require[

X′(s)
]2 + [

Y ′(s)
]2 = 1, (22)

where primes denote derivatives with respect tos. We chooses = 0 at the pointx = 0 on the interface (i.e.X(0) = 0). Using
the dimensionless variables, we rewrite (5) as

1

2

[
φ′

1(s)
]2 − 1

2
ρ
[
φ′

2(s)
]2 + 1− ρ

F2

(
Y(s) − 1

) = 1

2
(1− ρ). (23)

The bottom wall can be mapped into a straight line by using the Joukowski transformation. Following [5] and [3], we
the integral equations

−π
[
φ′

2(s)X′(s) − 1
] =

∞∫
−∞

[φ′
2(σ ) − X′(σ )][Y(σ ) − Y(s)] + [X(σ) − X(s)]Y ′(σ )

[X(σ) − X(s)]2 + [Y(σ ) − Y(s)]2 dσ

+
∞∫

−∞

[φ′
2(σ ) − X′(σ )][Y(σ ) + Y(s) − 2β − 2] + [X(σ) − X(s)]Y ′(σ )

[X(σ) − X(s)]2 + [2β + 2− Y(σ ) − Y(s)]2 dσ (24)

and

π

[
φ′

1(s)f ′(s)
f ′(s)2 + g′(s)2 − 2

]
=

∞∫
−∞

[φ′
1(σ ) − 2f ′(σ )][g(σ ) − g(s)] + 2[f (σ ) − f (s)]g′(σ )

[f (σ ) − f (s)]2 + [g(σ ) − g(s)]2 dσ

+
∞∫

−∞

[φ′
1(σ ) − 2f ′(σ )][g(σ ) + g(s)] + 2[f (σ ) − f (s)]g′(σ )

[f (σ ) − f (s)]2 + [g(σ ) + g(s)]2 dσ, (25)
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(21)
FP

e saddle

e

f = X

2

X2 + Y2 + α2

X2 + Y2
, g = Y

2

X2 + Y2 − α2

X2 + Y2
. (26)

We note that Eqs. (24) and (25) differ from Eqs. (5) and (8) in [5] because we did not assume symmetry with respe
y-axis.

This concludes the formulation of the problem. For given values ofβ, ρ andα, we specify one of the two parametersY(0)

or F and seekφ′
1, φ′

2, X(s) andY(s) so that (23), (24) and (25) are satisfied.
These equations are discretised by following the procedures outlined in [5] and [3] and the resulting algebraic equa

solved by Newton iterations. The integrals from−∞ to ∞ in (24) and (25) are replaced by integrals from−A to B, whereA

andB are large. We improved the accuracy by approximating analytically the contributions to the integrals from−∞ to −A

and fromB to ∞. As σ → −∞, φ′
1(σ ) → 1, φ′

2(σ ) → 1, X′(σ ) → 1, Y ′(σ ) → 0, f ′(σ ) → 1/2 andg′(σ ) → 0. Therefore
the numerators of the integrands in (24) and (25) tend to zero asσ → −∞ and we can neglect the contributions from−∞
to −A to the integrals. On the other hand, asσ → ∞ the numerators of the integrands in (24) and (25) do not tend to
We evaluate the contribution fromB to ∞ by replacingφ′

1(σ ), φ′
2(σ ), Y(σ ), f (σ ) andg(σ ) by their values at the last mes

point B and approximatingf ′(σ ) by 1/2 andg′(σ ) by 0. The integrals fromB to ∞ are then calculated analytically. We no
that the approximations of the integrals are consistent in the sense that they become exact in the limitA → ∞ andB → ∞. In
general the number of independent parameters for hydraulic falls is three. These three parameters are for example(F,ρ,β) or
(α,ρ,β). But in some cases, four parameters are needed to describe hydraulic falls.

5. Subcritical flow upstream and β >
√

ρ

In this section and in the next four, we describe hydraulic falls for subcritical/supercritical flows and thickness ratio
below/above critical. For a density ratio close to unity (fresh water on top of salt water for example), the critical thickne
ratio is also close to unity. Therefore, when a less mathematical language is used below, the case of a thickness r
critical will be described as ‘thick upper layer,’ while the case of a thickness ratio below critical will be described as ‘thin upp
layer.’

The case considered in this section corresponds toµ < 0 ande > 0 (subcritical flow and ‘thickupper layer’). The fixed poin
FP0 is a centre, while the two other fixed points FP1 and FP2 are saddle points. The phase plane of the mKdV equation
(no forcing) is shown in Fig. 3. The non-trivial bounded solutions are either periodic waves going around the centre0, or
a solitary wave going to the negative saddle point FP1 at infinity. On the solitary wave solution,ηx(FP1) = 0. Therefore the
constantC in (21) must be equal to

C1 = −6µη2
FP1

+ 3eη3
FP1

− 3

4
η4

FP1
= −27µe2 + 12µ2 + 81

8
e4 + 6µe

√
9e2 − 16µ − 27

8
e3

√
9e2 − 16µ.

Its asymptotic behavior asµ → 0 is

C1 ≈ 32|µ|3
9e2

.

The phase plane shown in Fig. 3 is qualitatively similar to the KdV phase plane, except for the existence of the positiv
point FP2.

Fig. 3. Phase plane corresponding to Eq. (19) in the subcritical (µ < 0) and unforced (Q = 0) case, withe > 0. The three fixed points ar
indicated. Some trajectories are shown (bounded, resp. unbounded, trajectories are plotted with solid, resp. dashed, lines).



886 F. Dias, J.-M. Vanden-Broeck / European Journal of Mechanics B/Fluids 23 (2004) 879–898

ar

e

y

onding
ion 4. The

t
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Fig. 4. Interface profile and phase plane of a subcritical hydraulic fall withβ >
√

ρ. (a)–(b) Solution computed from the weakly nonline
model. (c)–(d) Solution computed from the full equations. The thickness ratio isβ = 2 and the density ratio isρ = 0.6. ThereforeFbif = 0.555.
The obstruction radius isα = 0.079. The Froude number is found to beF = 0.525.

In the presence of forcing (Q 	= 0), we look for solutions which are continuous and bounded forx ∈ R, and satisfy

ηxx + 9

2
eη2 − 3

2
η3 − 6µη = 0 for x 	= 0, ηx(0+) − ηx(0−) = −3Q. (27)

The jump condition is obtained by integrating Eq. (19) from 0− to 0+.
Since the flow is assumed to be uniform upstream withη = 0, the solution at infinity upstream is necessarilyη = 0 (see

Fig. 2). Consequently the solution stays at FP0 (η = 0, ηx = 0) for x < 0. At x = 0+, the jump condition indicates that th
slope of the interface must be−3Q. The only possibility for a bounded solution without oscillations in the far field downstream
(hydraulic fall) is to jump from FP0 on the homoclinic orbit. Since the value ofηx immediately after the jump is given b
−√

C1, one hasQ(µ; e) = 1
3
√

C1. There is no restriction on the obstruction size, asµ decreases from 0 to−∞. This solution
corresponds to the curve “hydraulic fall” in the left quarter plane of Fig. 1(a). Both the interface profile and the corresp
phase plane are shown in Fig. 4. The solution was also computed using the numerical scheme described in Sect
qualitative agreement is good. At infinity downstream, the interface goes to the level given by the fixed pointη = ηFP1.

6. Subcritical flow upstream and β <
√

ρ

The case considered in this section corresponds toµ < 0 ande < 0 (subcritical flow and ‘thinupper layer’). The fixed poin
FP0 is a centre, while the two other fixed points are saddle points. The phase plane of the mKdV equation (21) (no fo
shown in Fig. 5. The non-trivial bounded solutions are either periodic waves going around the centre FP0, or a solitary wave
going to the positive saddle point FP2 at infinity. On the solitary wave solution,ηx(FP2) = 0. Therefore the constantC in (21)
must be equal to

C2 = −6µη2
FP2

+ 3eη3
FP2

− 3

4
η4

FP2
= −27µe2 + 12µ2 + 81

8
e4 − 6µe

√
9e2 − 16µ + 27

8
e3

√
9e2 − 16µ.

Its asymptotic behavior asµ → 0 is

C2 ≈ 32|µ|3
9e2

.
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Fig. 5. Phase plane corresponding to Eq. (19) in the subcritical (µ < 0) and unforced (Q = 0) case, withe < 0. The three fixed points ar
indicated. Some trajectories are shown (bounded, resp. unbounded, trajectories are plotted with solid, resp. dashed, lines).

Fig. 6. Interface profile and phase plane of a subcritical hydraulic fall withβ <
√

ρ. (a)–(b) Solution computed from the weakly nonlinear mode
(c)–(d) Solution computed from the full equations. The thickness ratio isβ = 0.5 and the density ratio isρ = 0.6. ThereforeFbif = 0.426. The
obstruction radius isα = 0.07. The Froude number is found to beF = 0.407.

The phase plane shown in Fig. 5 is qualitatively similar to the KdV phase plane, except for the existence of the positiv
point FP1.

In the presence of forcing (Q 	= 0), we look for solutions which are continuous and bounded forx ∈ R, and satisfy

ηxx + 9

2
eη2 − 3

2
η3 − 6µη = 0 for x 	= 0, ηx(0+) − ηx(0−) = −3Q. (28)

The jump condition is obtained by integrating Eq. (19) from 0− to 0+.
Since the flow is assumed to be uniform upstream withη = 0, the solution necessarily stays at FP0 (η = 0, ηx = 0) for

x < 0. At x = 0+, the jump condition indicates that the slope of the interface must be−3Q. For hydraulic falls, we have
two possibilities: either to jump from FP0 on the homoclinic orbit, or to jump on the orbit going towards the negative fi
point FP1.

For the solution which jumps on the homoclinic orbit, one hasQ(µ; e) = 1
3
√

C2 since the value ofηx immediately after the
jump is given by−√

C2. This solution corresponds to the curve “hydraulic fall” in the left quarter plane of Fig. 1(b). Bot
interface profile and the corresponding phase plane are shown in Fig. 6. The solution was also computed using the
scheme described in Section 4. The qualitative agreement is good.The profile shown in Fig. 2 is a solution of the same fam
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Fig. 7. Interface profile and phase plane of a subcritical hydraulic fall withβ <
√

ρ. (a)–(b) Solution computed from the weakly nonlinear mode
(c)–(d) Solution computed from the full equations. The thickness ratio isβ = 0.5 and the density ratio isρ = 0.6. ThereforeFbif = 0.426. The
Froude number is equal toFbif (µ = 0). The obstruction radius is found to beα = 0.079.

On the orbit going towards FP1, ηx(FP1) = 0. Therefore the constantC in (21) must be equal to

C1 = −6µη2
FP1

+ 3eη3
FP1

− 3

4
η4

FP1
= −27µe2 + 12µ2 + 81

8
e4 + 6µe

√
9e2 − 16µ − 27

8
e3

√
9e2 − 16µ.

Since the value ofηx immediately after the jump is given by−√
C1, one hasQ(µ; e) = 1

3
√

C1. These solutions can be foun

if the obstruction is big enough (Q > 3
2e2). They persist even whenµ = 0, sinceC1(µ = 0) = 81

4 e4. This type of hydraulic
fall is new. It is due to the cubic nonlinearity. Both the interface profile and the corresponding phase plane are shown
The solution was also computed using the numerical scheme described in Section 4. The qualitative agreement is goo
indicates that the modified KdV equation is a good model.

7. Subcritical flow upstream and β = √
ρ

The case considered in this section corresponds toµ < 0 ande = 0 (subcritical flow and upper and lower layers of ‘equ
thicknesses). The fixed point FP0 is a centre, while the two other fixed points FP1 and FP2 are saddle points. The phase pla
of the mKdV equation (21) (no forcing) is shown in Fig. 8. The non-trivial bounded solutions are either periodic wave
around the centre FP0, or fronts going from one saddle point to the other. On the front solution,ηx(FP1) = ηx(FP2) = 0.
Therefore the constantC in (21) must be equal to 12|µ|2.

WhenC = 12|µ|2,

η2
x = 3

4

(
η − 2

√|µ| )2(
η + 2

√|µ| )2
. (29)

The fronts connecting the two fixed points FP1 and FP2 atη = ±2
√|µ| are given by

η(x) = ±2
√|µ| tanh

(√
3|µ|x)

. (30)

In the presence of forcing (Q 	= 0), we look for solutions which are continuous and bounded forx ∈ R, and satisfy

ηxx + 9

2
eη2 − 3

2
η3 − 6µη = 0 for x 	= 0, ηx(0+) − ηx(0−) = −3Q. (31)

Since the flow is assumed to be uniform upstream withη = 0, the solution necessarily stays at FP0 (η = 0, ηx = 0) for x < 0.
At x = 0+, the jump condition indicates that the slope of the interface must be−3Q. For hydraulic falls, we have only on
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Fig. 8. Phase plane corresponding to Eq. (19) in the subcritical (µ < 0) and unforced (Q = 0) case, withe = 0. The three fixed points ar
indicated. Some trajectories are shown (bounded, resp. unbounded, trajectories are plotted with solid, resp. dashed, lines).

possibility: to jump on the lower heteroclinic orbit. Since the value ofηx immediately after the jump is given by−√
12|µ|,

one hasQ(µ; e) = 2√
3
|µ|. There is no restriction on the obstruction size, asµ decreases from 0 to−∞. Interface profiles and

corresponding phase planes are not shown because they are qualitatively similar to those of Fig. 4.

8. Supercritical flow upstream and β >
√

ρ

The case considered in this section corresponds toµ > 0 ande > 0 (supercritical flow and ‘thick upper layer’). The fixe
points FP0 and FP2 are saddle points, while the fixed point FP1 is a center. As opposed to the subcritical case, the phase
depends onµ. The critical values forµ areµ = 1

2e2 andµ = 9
16e2. The phase planes of the mKdV equation (21) (no forci

are shown in Fig. 9. As explained in the Appendix, the valueµ = 1
2e2 corresponds to the value of the Froude number for fro

F = Ffront =
√

(1+ β)(1− √
ρ)

1+ √
ρ

,

while the valueµ = 9
16e2 corresponds to the maximum value of the Froude number acceptable for hydraulic fallsF = Fmax.

It is quite remarkablethat the mKdV equation reproduces (at least qualitatively) these two critical values of the Froude num
obtained from the full governing equations, while the classical KdV equation reproduces none of these two values.

In Fig. 9(a), the non-trivial bounded solutions are either periodic waves going around the centre FP1, or a solitary wave going
to the origin FP0 at infinity. On the solitary wave solution,ηx(FP0) = 0. Therefore the constantC in (21) must be equal to 0
The phase plane shown in Fig. 9(a) is qualitatively similar to the KdV phase plane, except for the existence of the positiv
point FP2. Therefore, when 0< µ < 1

2e2, all bounded solutions described in DVB also exist. There are in fact no other bou
solutions. In the presence of forcing (Q 	= 0), we look for solutions which are continuous and bounded forx ∈ R, and satisfy

ηxx + 9

2
eη2 − 3

2
η3 − 6µη = 0 for x 	= 0, ηx(0+) − ηx(0−) = −3Q. (32)

The jump condition is obtained by integrating Eq. (19) from 0− to 0+.
Since the flow is assumed to be uniform upstream withη = 0, the solution forx < 0 necessarily follows the homoclinic orb

At x = 0, the jump conditionηx(0+) − ηx(0−) = −3Q must be satisfied. The only possibility for a bounded solution withou
oscillations in the far field downstream (hydraulic fall) is to jump on the fixed point FP1. The value ofηx immediately before

the jump is given by
√

6µη2
FP1

− 3eη3
FP1

+ 3
4η4

FP1
. The solution forx > 0 simply isη = ηFP1, ηx = 0. There is a one-to-on

correspondance betweenµ and the obstruction size:

Q(µ; e) = 1

3

√
6µη2

FP1
− 3eη3

FP1
+ 3

4
η4

FP1
.

This solution corresponds to the curve labeled “hydraulic fall” in the right quarter plane of Fig. 1(a), except that it s
µ = 1

2e2. Both the interface profile and the corresponding phase plane are shown in Fig. 10. The solution was also c
using the numerical scheme described in Section 4. The qualitative agreement is good. At infinity downstream, the interfa
goes to the level given by the fixed pointη = ηFP1.
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Fig. 9. Phase planes corresponding to Eq. (19) in the supercritical (µ > 0) and unforced case (Q = 0), with e > 0. The phase plane fo
µ > (9/16)e2 is not shown: there is only one fixed point, the origin FP0. In (b), the maximum value ofηx along the front is1

2

√
3e2. The three

fixed points are indicated. Some trajectories are shown (bounded, resp. unbounded, trajectories are plotted with solid, resp. dashed, lines).

Fig. 10. Interface profile and phase plane of a supercritical hydraulic fall withβ >
√

ρ andFbif < F < Ffront. (a)–(b) Solution computed from
the weakly nonlinear model. (c)–(d) Solution computed from the full equations. The thickness ratio isβ = 2 and the density ratio isρ = 0.6.
ThereforeFbif = 0.555 andFfront = 0.6173. The obstruction radius isα = 0.046. The Froude number is found to beF = 0.568.

The phase plane shown in Fig. 9(b) (µ = 1
2e2) is different from the KdV phase plane. The non-trivial bounded solution

(19) in the unforced case (Q = 0) are either periodic waves going around the centre FP1, or fronts connecting the fixed poin
FP0 and FP2. The explicit expression of the front going from FP0 to FP2 is

η = e

[
1+ tanh

(
1

2

√
3ex

)]
. (33)

In the presence of forcing, the jump condition must be satisfied. Since the flow is assumed to be uniform upstream wη = 0,
the solution forx < 0 necessarily follows the heteroclinic orbit. Again the only possibility for a bounded solution withou
oscillations in the far field downstream (hydraulic fall) is to jump atx = 0 from the heteroclinic orbit on the fixed point FP1.
The solution forx > 0 simply isη = ηFP1, ηx = 0.
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Fig. 11. Interface profiles and phase planesof various supercritical hydraulic falls obtained from the weakly nonlinear model withβ >
√

ρ

andFfront < F < Fmax. (a)–(b) Solid line: solution connecting the unstable branch with the solitary wave of depression, dashed line: solut
connecting both unstable branches.(c)–(d) Solutions connecting the unstable branch with the fixed point FP1 (solid line) or the fixed point FP2
(dashed line).

The phase plane shown in Fig. 9(c) (µ > 1
2e2) is different from the KdV phase plane. The non-trivial bounded solutions

either periodic waves going around the centre FP1, or a solitary wave going to the fixed point FP2 at infinity. On the solitary
wave solution,ηx(FP2) = 0. Therefore the constantC in (21) must be equal to

C2 = −6µη2
FP2

+ 3eη3
FP2

− 3

4
η4

FP2
= −27µe2 + 12µ2 + 81

8
e4 − 6µe

√
9e2 − 16µ + 27

8
e3

√
9e2 − 16µ,

with

C2

(
µ = 1

2
e2

)
= 0 and C2

(
µ = 9

16
e2

)
= −81

64
e4.

In the presence of forcing, the jump condition must be satisfied. The solution forx < 0 necessarily follows the unbounde
solution originating at the fixed point FP0. At x = 0, the jump conditionηx(0+) − ηx(0−) = −3Q must be satisfied. Th
situation here is different from all previous cases. Indeed, previous hydraulic falls were characterized by three ind
parameters, for example the dimensionless obstacle size, the density ratio and the thickness ratio. In the weakly
analysis, these three parameters correspond toQ, ρ andβ. The Froude number (orµ) is an unknown. This is still the cas
for the “classical” hydraulic falls where the solution jumps on the fixed point FP1 (see the solid line in Fig. 11 (c) and (d))
on the fixed point FP2 (see the dashed line in Fig. 11 (c) and (d)). But a close look at the phase plane of Fig. 9(c) sho
one needs to specify the Froude number as well in order to obtain a hydraulic fall which goes to the fixed point FP2, without
jumping directly on it. Various possibilities are shown in Fig. 11. The jump can occur as soon as the elevation of the i
goes beyond the lowest point onthe solitary wave of depression. Fig. 12 shows the jump magnitude (which isproportional to
the obstruction size) as a function of the elevation where the jump occurs, for a particular set of parametersµ, ρ andβ. In other
words, four independent parameters are now needed to characterize a hydraulic fall. Moreover, for some sets of p
(Q,µ,ρ,β), there can be as much as three distinct hydraulic falls (see Fig. 12). Note also that this new type of h
falls requires a minimum obstruction size. Interface profiles and corresponding phase planes obtained numerically
full equations are shown in Fig. 13 (classical hydraulic fall approching the fixed point FP1 at infinity and corresponding to th
curve labeled “hydraulic fall” in the right quarter plane of Fig. 1(a), except that it lies between the valuesFfront andFmax of
the Froude number) and in Fig. 14 (hydraulic falls characterized by four independent parameters and approching the fi
FP2 at infinity).
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Fig. 12. In the supercritical case withβ >
√

ρ and 1
2e2 < µ < 9

16e2, four parameters(Q,ρ,β,µ) are needed to describe hydraulic falls. T
curve shows the jump magnitude atx = 0 (which is proportional toQ) versus the interface elevation where the jump occurs. The three
parametersρ, β andµ are fixed. The “classical” hydraulic falls are indicated with+ signs. The three fixed points are indicated.

Fig. 13. Interface profile and phase plane of a supercritical hydraulic fall withβ >
√

ρ andFfront < F < Fmax. Solution computed from the
full equations (this solution corresponds to the weakly nonlinear solution shown in Fig. 11 (c) and (d) with a solid line). The thickness ra
is β = 2 and the density ratio isρ = 0.6. ThereforeFbif = 0.555,Ffront = 0.6173,Fmax = 0.6256. The obstruction radius isα = 0.28. The
Froude number is found to beF = 0.6250.

9. Supercritical flow upstream and β <
√

ρ

The case considered in this section corresponds toµ > 0 ande < 0 (supercritical flow and ‘thin upper layer’). The fixe
points FP0 and FP1 are saddle points, while the fixed point FP2 is a center. As for the caseβ >

√
ρ, the phase plane depen

onµ. Again, the critical values forµ areµ = 1
2e2 andµ = 9

16e2. The phase planes of the mKdV equation (21) (no forcing)
shown in Fig. 15.

The phase plane shown in Fig. 15(a) is qualitatively similar to the KdV phase plane, except for the existence of the
saddle point FP1. The non-trivial bounded solutions are either periodic waves going around the center FP2, or a solitary wave
going to the origin at infinity. On the solitary wave solution,ηx(FP0) = 0. Therefore the constantC in (21) must be equa
to 0.

In the presence of forcing, the jump condition must be satisfied. Since the flow is assumed to be uniform upstre
η = 0, the solution forx < 0 either follows the homoclinic orbit, or stays at the origin. Theclassical possibility for a bounded
solution without oscillations in the far field downstream (hydraulicfall) is to jump from the homoclinic orbit on the fixe
point FP2. The solution forx > 0 simply isη = ηFP2, ηx = 0. The presence of the fixed point FP1 leads to a new possibility
for hydraulic falls: it consists in leaving the origin along the homoclinic orbit (depression solitary wave) and jumping dow
on the unbounded orbit which goes back to the fixed point FP1. A close look at the phase plane of Fig. 15(a) shows tha
general one needs to specify the Froude number as well in order to obtain a hydraulic fall which goes to the fixed po1.
Various possibilities are shown in Fig. 16 (a) and (b). The jump can occur as long as the elevation of the interface imm
before the jump stays above the lowest point on the solitary wave of depression. Fig. 17 shows the jump magnitude
proportional to the obstruction size) as a function of the elevation where the jump occurs, for a particular set of paramµ,
ρ andβ. In other words, four independent parameters are again needed to characterize a hydraulic fall. Moreover, for s
of parameters(Q,µ,ρ,β), there can be as much as three distinct hydraulic falls (see Fig. 17). Again this type of hydrau
requires a minimum obstruction size.
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Fig. 14. Interface profiles and phase planesof various supercritical hydraulic falls withβ >
√

ρ andFfront < F < Fmax. Solutions computed
from the full equations (these solutions correspond to the weakly nonlinear solutions shown in Fig. 11 (a) and (b)). The thickness rati
β = 2 and the density ratio isρ = 0.6. ThereforeFbif = 0.555,Ffront = 0.6173,Fmax= 0.6256. The obstruction radius is, from top to botto
α = 0.305,0.65,0.85. The Froude number is found to be, from top to bottom,F = 0.6247,0.618,0.618.

Fig. 15. Phase planes corresponding to Eq. (19) in the supercritical (µ > 0) and unforced case (Q = 0), with e < 0. The phase plane fo
µ > (9/16)e2 is not shown: there is only one fixed point, the origin FP0. In (b), the maximum value ofηx along the front is1

2

√
3e2. The three

fixed points are indicated. Some trajectories are shown (bounded, resp. unbounded, trajectories are plotted with solid, resp. dashed, lines).

Interface profiles and corresponding phase planes computed numerically from the full equations are shown in
(classical hydraulic fall approaching the fixed point FP2 at infinity and corresponding to the curve labeled “hydraulic fa
in the right quarter plane of Fig. 1(b), except that it lies between the valuesFbif andFfront of the Froude number) and in Fig. 1
(hydraulic falls characterized by four independent parameters and approaching the fixed point FP1 at infinity).

Finally, a look at the phase planes shown in Fig. 15 (b) and (c) indicates that hydraulic falls are not possible forF > Ffront.
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Fig. 16. Interface profiles and phase planesof various supercritical hydraulic falls obtained from the weakly nonlinear model withβ <
√

ρ and
Fbif < F < Ffront. (a)–(b) Solutions connecting the homoclinic orbit originating at the fixed point FP0 with the unstable branch going to th
fixed point FP1. (c)–(d) Solution connecting the homoclinic orbit originating at the fixed point FP0 with the fixed point FP2.

Fig. 17. In the supercritical case withβ <
√

ρ and 0< µ < 1
2e2, four parameters(Q,ρ,β,µ) are needed to describe hydraulic falls. The cu

shows the jump magnitude atx = 0 versus the interface elevation where the jump occurs. The “classical” hydraulic fall is indicated with a+
sign. The two fixed points FP2 and FP0 are indicated.

Fig. 18. Interface profile and phase plane of a supercritical hydraulic fall withβ <
√

ρ andFbif < F < Ffront. Solution computed from the ful
equations (this solution corresponds to the weakly nonlinear solution shown in Fig. 16 (c) and (d)). The thickness ratio isβ = 0.5046 and the
density ratio isρ = 0.6. ThereforeFbif = 0.4275 andFfront = 0.4372. The obstruction radius isα = 0.0421. The Froude number is found to
F = 0.4365.
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Fig. 19. Interface profiles and phase planesof various supercritical hydraulic falls withβ <
√

ρ andFbif < F < Ffront. Solutions computed
from the full equations (these solutions correspond to the weakly nonlinear solutions shown in Fig. 16 (a) and (b)). The thickness rati
β = 0.5 and the density ratio isρ = 0.6. The Froude numbers are found to beF = 0.4359 (top) andF = 0.4364 (bottom).

10. Discussion

The analytical and numerical results found in DVB have been extended to the full range of Froude numbers and t
ratios. We now have a full picture of hydraulic falls generated by an obstacle moving at a constant velocity at the bot
channel containing two superposed layersof fluids of constant densities. All hydraulicfall solutions of the asymptotic long wave
equations have been identified. The equivalent solutions of the fully nonlinear equations have been computed. One i
finding of the analytical studies is that the various families of hydraulic falls depend either on three or on four parameter
have established that this is not an artifact of the long wave asymptotics by demonstrating that the same dependence o
number of parameters occurs in the fully nonlinear calculations.

Two important values of the Froude number have been known for a long time: the valueFbif corresponding to the transitio
subcritical/supercritical and the supercritical valueFfront corresponding to fronts. Our present results show the import
of a third value, larger than the other two,Fmax. This is the maximum Froude number for hydraulic falls. Its importanc
experiments has not been revealed yet, simply because the interval[Ffront,Fmax] is usually rather small. For example, f
ρ = 0.6 andβ = 0.5, this interval is[0.4365,0.4377]! For β = 2, it is [0.6173,0.6256]. If one takesρ = 0.96, a typical
value for experiments, one finds[0.1237,0.1246] for β = 0.5 and[0.1750,0.1763] for β = 2. In fact even the whole rang
[Fbif;Fmax] is small sinceFbif = 0.1170 forβ = 0.5 andFbif = 0.1644 forβ = 2. Consider for example a channel with to
depth equal to 30 cm. Thenβ = 0.5 is obtained withh∗

1 = 20 cm (h∗
2 = 10 cm) andβ = 2 with h∗

1 = 10 cm (h∗
2 = 20 cm).

The corresponding interesting interval range for the speedU is [16.5;17.6] cm/s for both thicknesses. In order to obtain
wider interval, one should take for example a thicker bottom layerh∗

1 = 27 cm (h∗
2 = 3 cm). The corresponding interval forU

would be[10.6;18.3] cm/s. Recall that this is the region where the number of independent parameters for hydraulic falls
instead of three. The consequence for experiments is as follows. Let us consider for example the simple experiment in
obstacle moves at the bottom of a channel filled with two superposed fluids at rest. The known parameters are the de
ρ, the thickness ratioβ and the obstruction sizeQ. Usually one expects only one value of the obstacle speed which pro
an hydraulic fall. Our new results in the range[Fbif;Fmax] indicate that all values of the speed may provide an hydraulic
However, the speed range is rather small and only careful experiments may be able to explain what happens.

Fig. 20 provides a summary of the existence of hydraulic falls for two-layer flows. It is interesting to compare Fig. 2
Fig. 1. All the curves labeled ‘hydraulic fall’ in Fig. 1 are also present in Fig. 20. But the supercritical curves stop eithe
F = Ffront (β <

√
ρ) or at F = Fmax (β >

√
ρ). Moreover there is a second branch of subcritical falls in the caseβ <

√
ρ.

Finally, there is a region of supercritical hydraulic falls described by four parameters. As stated in the introduction, th
of the present paper is hydraulic falls. As in DVB, there are othersteady solutions: solitary waves, wavy solutions, generalize
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Fig. 20. Description of steady two-layer hydraulic falls over anobstacle. (a) Ratio of layer depths slightly above critical (β >
√

ρ). (b) Ratio of
layer depths slightly below critical (β <

√
ρ). The positive (resp. negative) horizontal axis corresponds to supercritical (resp. subcritical) flow

The vertical axis is the obstacle size. The shaded regions represent hydraulic falls with four independant parameters. The dotted lines represe
the lower and upper parts of the loops in Figs. 12 and 17.

hydraulic falls. Wavy solutions and generalized hydraulic falls approach a periodic solution downstream. In fact, the s
shown in Fig. 6 and in Fig. 18 are generalized hydraulic falls. One can see small waves along the interface.

A final remark is that there is a shear layer downstream for hydraulic falls. In the absence of interfacial tension, instabilities
of Kelvin–Helmholtz type may develop. Therefore, a stability analysis ofthe hydraulic falls ought to be performed.
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Appendix. Conjugate states

In this appendix, we recall some global results on fronts (in the absence of an obstacle) and on conjugate flow
presence of an obstacle). The main purpose is to explain the origin of the special values of the Froude numberF = Ffront and
F = Fmax.

Fronts and conjugate flows are flows characterized by different uniform flows upstream and downstream. For si
it is assumed that the upstream uniform flows have the same speedU in the upper and bottom layers. GivenU , h∗

1 andh∗
2

upstream, one would like to know what are the possibilities for the uniform speeds and the layer thicknesses downstr
unknowns). The conservation of mass fluxes in each layer provides two equations. The conservation of energy provid
equation. The constraint that the channel height is constant provides a fourth equation. For fronts, the conservation of
momentum flux provides a fifth equation.

Consequently, in the case of conjugate flows, one anticipates to be able to find nontrivial solutions for a continuous
upstream Froude numbers and thickness ratios since there are four equations with four unknowns to be solved. For f
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Fig. A.1. Plot of the Froude numberF versus the ratioh between the downstream and the upstream bottom layer thicknesses. (a) Sub
and supercritical flows withβ >

√
ρ. The computations are performed withβ = 2 andρ = 0.6. For such parameter values,Fbif = 0.555,

Ffront = 0.6173 andFmax= 0.6256. (b) Subcritical and supercritical flows withβ <
√

ρ. The computations are performed withβ = 0.5 and
ρ = 0.6. For such parameter values,Fbif = 0.4264,Ffront = 0.4365 andFmax= 0.4377. There is always a maximum valueFmax for the Froude
number. (c) Same as (a), but restricted to supercritical flows. (d) Same as (b), but restricted to supercritical flows. The dotted lines
the value of the Froude numberFbif , while the dashed lines represent the value of the Froude numberFfront. The labels correspond to figur
numbers. The label 18 is slightly off the curve becauseβ was equal to 0.5046 instead of 0.5.

anticipates to find nontrivial solutions only for special upstream conditions. This is exactly what happens: fronts exist only i
the upstream Froude numberF is equal toF = Ffront.

For conjugate flows, one finds the following relationship between the upstream Froude numberF and the ratioh =
hdownstream

1 /h∗
1:

F2 = 2(1− ρ)

(1+ h)/h2 + ρ(1+ 2β − h)/(1+ β − h)2
. (A.1)

The relationship (A.1) can be easily obtained from Eqs. (A.3) and (A.8) in [27] together with the rigid lid constraint. So
to Eq. (A.1) are plotted in Fig. A.1. Clearly, there is a maximum Froude numberFmax for conjugate flows.
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